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ABSTRACT 

A f r equency  domain t e c h n i q u e  i s  developed f o r  d e s i g n i n g  t h e  minimum s e n s i t i v i t y  
deadbea t  sampled-data  c o n t r o l  s y s t e m s  where p l a n t  v a r i a t i o n s  are e n c o u n t e r e d ,  T h i s  
i s  done by modifying a p r e v i o u s l y  proposed d e s i g n  t e c h n i q u e  f o r  minimal s e n s i t i v i t y  
s y s t e m s ,  The d e f i n i t i o n s  of  minimal s e n s i t i v i t y ,  minimum s e n s i t i v i t y ,  and deadbea t  
p r o p e r t y  a re  d e f i n e d .  The p r e s e n t  method i s  t o  reduce t h e  magnitude of t h e  o u t p u t  
v a r i a t i o n ,  due  t o  p l a n t  v a r i a t i o n s ,  by using two c o n t r o l l e r s .  Two examples are  g i v e n  
t o  d e m o n s t r a t e  t h e  e f f e c t i v e n e s s  of t h e  method. I n  g e n e r a l ,  t h e  magnitude of  t h e  
o u t p u t  v a r i a t i o n  f o r  t h e  minimum s e n s i t i v i t y  system i s  s m a l l e r  t h a n  t h a t  f o r  t h e  
minimal s e n s i t i v i t y  system. B u t  bo th  systems a r e  l ess  s e n s i t i v e  t o  p l a n t  v a r i a t i o n  
t h a n  t h e  s i n g l e  c o n t r o l l e r  sys t em.  

9c 

Gran t  N s G - 3 5 1 .  
The r e s e a r c h  work r e p o r t e d  h e r e  w a s  p a r t i a l l y  suppor t ed  by NASA through 



.. 
c 

c 
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J .  C .  Hung and J. E .  Benne t t  

Department of E l e c t r i c a l  Eng inee r ing  

The U n i v e r s i t y  of  Tennessee 

INTRODUCTION 

I n  a r e c e n t  p a p e r ,  a f r equency  domain method of  s y n t h e s i z i n g  the "minimal s en -  

s i t i v i t y "  sampled-data  c o n t r o l  sys t ems ,  w i th  t h e  deadbea t  p r o p e r t y ,  h a s  been p r o p o s e d . ( l )  

The e s s e n c e  o f  t h e  method w a s  t o  d e s i g n  two c o n t r o l l e r s ,  D, and D,, F i g u r e  1, i n  such  a 

manner t h a t  the v a r i a t i o n  of 

s i d e s  i n  t h e  s m a l l e s t  number 

There a r e  cases where 

I L 

the system o u t p u t ,  due t o  t h e  v a r i a t i o n  of  the p l a n t ,  sub- 

o f  sampling p e r i o d s .  

t h e  r a p i d n e s s  of subs idence  of  t h e  v a r i a t i o n  of  t h e  o u t p u t  

r e sponse  i s  of  s econdary  importance;  b u t ,  r a t h e r ,  t h e  magnitude of t h e  v a r i a t i o n  i s  of 

p r imary  conce rn .  This pape r  p r e s e n t s  a m o d i f i c a t i o n  of  a p r e v i o u s  method, i n  t ha t  a 

d e s i g n  p rocedure  i s  developed which minimizes t h e  magnitude of t h e  o u t p u t  v a r i a t i o n  

caused by p l a n t  v a r i a t i o n ,  It w i l l  be shown t h a t  t h i s  can be done by t r a d i n g  t h e  sub- 

s i d e n c e  speed f o r  low magnitude of o u t p u t  v a r i a t i o n .  The d e s i g n  p rocedure  i s  s i m p l e ,  

and two examples w i l l  be g i v e n  t o  demons t r a t e  t h e  e f f e c t i v e n e s s  of t h e  method. 

REVIEW 

L e t  C ( z )  b e  the z - t r a n s f o r m  of t he  sys t em o u t p u t .  The d i f f e r e n t i a l  v a r i a t i o n  of  

t h e  system o u t p u t  due t o  a d i f f e r e n t i a l  v a r i a t i o n  of t h e  p l a n t  pa rame te r s  i s  denoted by 

dC(z ) .  S i n c e  dC(z) i s  a polynomial  i n  z , i t  w i l l  be c a l l e d  t h e  " s e n s i t i v i t y  po ly -  

nomial ."  A "minimal s e n s i t i v i t y "  system i s  d e f i n e d  as a sys t em hav ing  t h e  s h o r t e s t  

-1 

* 
The r e s e a r c h  work r e p o r t e d  h e r e  was p a r t i a l l y  suppor t ed  by t h e  N a t i o n a l  

A e r o n a u t i c s  and Space A d m i n i s t r a t i o n  through Gran t  NsG-351. 
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s e n s i t i v i t y  polynomial .  The p r o p e r t y  o f  a z e r o - p e r c e n t  s e t t l i n g  w i t h i n  a f i n i t e  t ime 

i n t e r v a l  w i l l  be c a l l e d  t h e  "deadbeat" p r o p e r t y ;  and a sys t em whose o u t p u t  r e sponse  

p o s s e s s e s  t h i s  p r o p e r t y  w i l l  be  ca l l ed  a deadbeat  system. 

R e f e r r i n g  t o  F i g u r e  1, t h e  c o n t r o l  r a t i o  o f  t h e  sys t em i s  

The d i f f e r e n t i a l  change of the o u t p u t  response i s  r e l a t e d  t o  t h e  d i f f e r e n t i a l  change 

of  t h e  p l a n t  by 

which i s  termed t h e  " s e n s i t i v i t y  polynomial . I f  

I n  g e n e r a l ,  the normalized p l a n t  v a r i a t i o n  and t h e  r e f e r e n c e  i n p u t  have t h e  

forms 

and 

A ( z )  R(z) = -1 m Y 

( 1 - z  ) 
( 4 )  

-1 
r e s p e c t i v e l y ,  where Q ( z ) ,  P ( z ) ,  and A(z)  a r e  f i n i t e  polynomials  i n  z and A(z)  h a s  no 

r o o t s  a t  z = 1. For a deadbea t  system, the c o n t r o l  r a t i o  has t h e  form 

-6 
H(z) = z F(z)  ( 5 )  

-&- -1 where z i s  t h e  t r a n s p o r t  l a g  of  t h e  p l a n t  and F(z) i s  a f i n i t e  polynomial  i n  z w i t h  

a c o n s t a n t  term.  L e t  U(z) and V(z) be the numerator  and t h e  denominator  polynomial  of 

D2(z) ,  r e s p e c t i v e l y ;  i . e .  

2 
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. Using E q s .  ( 3 ) ,  ( 4 ) ,  (5) ,  and (6),  E q .  (2)  can  be  expres sed  as 

L e t  

w =  A (2) H (Z) 

M(z) (1 - z-l)mp(z) 

-1 where M(z) and N(z) are f i n i t e  polynomials  i n  z and are r e l a t i v e l y  prime. Then E q .  

(7 )  becomes 

Minimal s e n s i t i v i t y  is o b t a i n e d  when 

V(z) = F(z) 

and when U(z) i s  so  chosen t ha t  

- 6  
1 - u ( z ) z  

M(z) 
S ( z )  = 

-1 i s  t h e  s h o r t e s t  polynomial  i n  z . There fo re ,  t h e  minimal s e n s i t i v i t y  polynomial  i s  

d c  (2) = N W  s (2) Q(Z) (12) 

The c o n t r o l l e r  D (2) i s  determined once V(z) and U(z) a r e  de t e rmined ,  and t h e  c o n t r o l l e r  2 

D ( z )  i s  g i v e n  by 1 

(13) 
H(z) D ( z )  = 1 

G ( z )  [ 1 - D2(z)H(z) ]  

Note t h a t ,  f o r  a g i v e n  p l a n t  G ( z )  and inpu t  R ( z ) ,  t h e  above p rocedure  y i e l d s  a unique 
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D1(z) and D2(z ) .  

f o r  minimal s e n s i t i v i t y  deadbea t  sampled-data c o n t r o l  systems may b e  found i n  Refe rence  

Detai ls  of  t h e  development,  t h e  d i s c u s s i o n ,  and t h e  d e s i g n  p rocedure  

1. 

DEVELOPMENT 

While t h e  minimal s e n s i t i v i t y  des ign  t e n d s  t o  r e c o v e r  the  d e s i r e d  o u t p u t  r e sponse  

from t h e  v a r i e d  o u t p u t  i n  the l ea s t  number of sampling p e r i o d s ,  i t  does  n o t  r educe  the 

magnitude o f  t h e  o u t p u t  v a r i a t i o n ,  dC(z) .  There a r e  p r a c t i c a l  c o n t r o l  a p p l i c a t i o n s  

where a s m a l l  magnitude of  o u t p u t  v a r i a t i o n  i s  of  pr imary concern w h i l e  t h e  speed of  

r ecove ry  i s  less i m p o r t a n t .  

The magnitude of  t h e  o u t p u t  v a r i a t i o n  can  be  reduced a t  t h e  expense o f  a s lower  

subs idence  s p e e d .  T h i s  i s  t h e  main theme of t h i s  pape r  and i s  developed as f o l l o w s .  

Suppose t h a t  t h e  s h o r t e s t  polynomial S(z) i n  Eq. (11) h a s  been found by p r o p e r  

c h o i c e  of U(z ) .  Cons ide r  the e q u a t i o n  

Jr * 
where U ( z )  # U(z) ,  and U ( z )  is a new numerator f o r  D2(z) .  B(z) h a s  t h e  form 

(15) 
B(z) = 1 + f bi z -i 

i = l  

The c o n s t a n t s  b i n  t h e  l a s t  e q u a t i o n  w i l l  be  de t e rmined .  S u b s t i t u t i n g  (14) and (10) 

i n t o  (9 ) ,  the new s e n s i t i v i t y  polynomial  i s  t h e n  

i 

which i s  l o n g e r  t h a n  E q .  (12) by  k sampling p e r i o d s  by v i r t u e  of  the f a c t o r  B ( z ) .  Ex- 

pand ing  E q .  (16), t h e  polynomial  of  t h e  ou tpu t  v a r i a t i o n  h a s  t h e  form 

dC(z) = f q z -j 
j = 1  

where t h e  c o e f f i c i e n t s ,  r, are l i n e a r  f u n c t i o n s  o f  b 1' b2 '  - - -  , b k y  and q i s  a f i n i t e  

p o s i t i v e  i n t e g e r  depending on the l e n g t h s  of  N(z ) ,  S ( z ) ,  B ( z ) ,  and Q(z) .  The sum of t h e  

J 
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s q u a r e s  of t h e  o u t p u t  v a r i a t i o n  i s  g i v e n  by 

a 

where T i s  t h e  sampling p e r i o d .  Hence J i s  a q u a d r i c  i n  b i = 1, --- Yk. i' 

The magnitude of  t h e  o u t p u t  v a r i a t i o n  i s  i n d i r e c t l y  suppres sed  by minimizing J 

w i t h  r e s p e c t  t o  a l l  b . By s e t t i n g  i 

2 
Yk, - -  aJ - 

a b i  j = 0 
1 e [ d c ( j T ) ]  = 0,  i = 1, --- 

i' t h e n ,  k l i n e a r  e q u a t i o n s  are o b t a i n e d ,  which can  be  s o l v e d  f o r  k unknowns b 

Thus, B(z) i s  un ique ly  de t e rmined .  The new numerator  of D (z)  is o b t a i n e d  by  

( 1 4 ) .  That i s ,  

2 

* 
U ( z )  = z6 [ 1 - S(z)B(z)M(z)] 

(19) 

b2,--- ,bk.  

u s i n g  Eq. 

(20)  

By u s i n g  d i f f e r e n t  v a l u e s  of k ,  d i f f e r e n t  amounts of t r a d e - o f f s  are made between 

t h e  s u b s i d e n c e  speed and t h e  magnitude of  the o u t p u t  v a r i a t i o n .  Tha t  i s ,  the l a r g e r  

t h e  k ,  t h e  s m a l l e r  t h e  magnitude,  and the s lower  t h e  s u b s i d e n c e  speed .  T h i s  d e s i g n  

t e c h n i q u e  w i l l  be c a l l e d  t h e  "minimum s e n s i t i v i t y "  d e s i g n  w i t h  k " t r a d e - o f f  p e r i o d s  . I '  

DESIGN PROCEDURE 

A complete  p rocedure ,  f o r  d e s i g n i n g  the minimum s e n s i t i v i t y  deadbea t  sampled- 

d a t a  c o n t r o l  system, i s  o u t l i n e d  i n  t h i s  s e c t i o n .  The p rocedure  f o r  o b t a i n i n g  a dead- 

b e a t  c o n t r o l  r a t i o  is w e l l  known; however, i t  w i l l  be  i n c l u d e d  i n  t h e  o u t l i n e  f o r  

comple t eness .  2,3 

Given the p l a n t  

5 



- 4 5  where K ,  z 

p o l e  o r d e r ,  r e s p e c t i v e l y ,  t h e  normalized p l a n t  v a r i a t i o n  is g i v e n  by 

, zj, p i ,  m and n a r e  ga in ,  t r a n s p o r t  l ag ,  z e r o s ,  p o l e s ,  z e r o  o r d e r ,  and j' i 

For t h e  s p e c i f i e d  t y p e  of i n p u t ,  E q .  ( 4 ) ,  t h e  d e s i g n  p rocedure  i s  as fo l lows :  

S t e p  I. L e t  

m - 1  

and d e t e r m i n e  a from t h e  c o n d i t i o n  
i 

I -1 
where H(cI)(z) i s  t h e  a - th  d e r i v a t i v e s  o f  H(z) w i t h  r e s p e c t  t o  z , 

S t e p  11. Determine dGO = 9o as g i v e n  by E q .  (22) and d e t e r m i n e  M(z) and 
G ( z )  ~ ( 2 )  

N(z) u s i n g  E q .  (8 ) .  

S t e p  111. L e t  

and o b t a i n  t h e  s h o r t e s t  polynomial  S ( z )  by choosing a p r o p e r  U(z) f o r  E q .  (11). 

S t e p  Iv. For a minimum s e n s i t i v i t y  w i t h  k t r a d e - o f f  p e r i o d s  s u b s t i t u t e  

k 

i n t o  

6 



-1 . and expand t h e  l a t t e r  i n t o  a polynomial  i n  z . Now, one can  e a s i l y  w r i t e  

where q i s  the o r d e r  o f  dC(z),  and o b t a i n  B(z) by solv-.ig f o r  

of  k l i n e a r  a l g e b r a i c  e q u a t i o n s  

S t e p  V .  The two d i g i t a l  c o n t r o l l e r s  are g i v e n  by 

where 

and 

EXAMP LE S 

Two examples are g i v e n  t o  i l l u s t r a t e  the d e s i g n  

e f f e c t i v e n e s s  of t h e  method. 

, b  from t h e  s e t  --- 
1' b2' k 

procedure  and t o  demons t r a t e  t h e  

I. Example 1 

Given t h e  p l a n t  

-1 0.36792 (1 + 0 . 7 1 8 3 ~ ~ ' )  Y 

(1 - z )(1 - 0.3689z-') -1 G(z) = 

d e s i g n  t h e  minimum s e n s i t i v i t y  deadbea t  s y s t e m  f o r  a s t e p  i n p u t ,  where t h e  p l a n t  g a i n  is 

7 



t h e  v a r y i n g  pa rame te r .  

S t e p  I. L e t  

0 
H(z) = z-'(l + 0.7183z-I )a  

L e t t i n g  H(1) = 1, g i v e s  a = 0.5820. Hence 
0 

-1 
H(z) = 0.5822 (1 + 0.71832-I) 

-1 
and E ( z )  = 1 + 0.4182 ) 

S t e p  11. Using Eq.  (22) ,  

a c o n s t a n t  

From E q .  (8), 

-1 N(z) - 0.5822 (1 + 0.71832-I) 
-1 

( 1 - 2  ) M(z) 

S t e p  111. L e t  

V(z) = F(z)  = 0.582(1 + 0.71832-I) 

By choos ing  U(z)  = 1, g i v e s  

-1 1 - U(2)z 
S ( 2 )  = = 1  -1 Y 

( 1 - 2  1 

t h e  s h o r t e s t  S ( z ) .  

S t e p  Iv. For a minimum s e n s i t i v i t y  w i t h  one t r a d e - o f f  p e r i o d ,  k = 1. From E q .  (27) 

dC(z) = 0.5822 -1 (1 + 0 . 7 1 8 3 ~ - ~ ) ( 1  + biz -1 ) y dK 

By s e t t i n g  

3 

- =  aJ [dC(jT) ] = 0 
ab 1 j = 1  

and s o l v i n g  f o r  b g i v e s  1' 
b = -0.4738 1 

8 



S t e p  V. Using E q s .  (30 ) ,  (31), and (32) ,  

1.582( 1 - 0.36792-I) 
D (z) = 
1 (1 - 0.47382-I) 

and 

2.5323(1 - 0.32152-I) 
D 2 b )  = 

(1 + 0 . 7 1 8 3 ~ ~ ' )  

The d e s i g n  f o r  two t r a d e - o f f  p e r i o d s  has a l s o  been done. It would be  i n t e r e s t i n g  

t o  compare t h e  performance of  the t w o - c o n t r o l l e r  minimum s e n s i t i v i t y  d e s i g n  t o  t h a t  of 

minimal s e n s i t i v i t y  d e s i g n ,  and a l s o  t o  t h a t  of  t h e  o n e - c o n t r o l l e r  d e s i g n ,  F i g u r e  2 .  The 

d e s i g n  of  the o n e - c o n t r o l l e r  sys t em c a n  be found from Refe rence  6 .  

c o n d i t i o n ,  a l l  t h r e e  systems have i d e n t i c a l  s t e p  r e s p o n s e .  Tab le  I c o n t a i n s  the comparison 

of  t h e  f o u r  systems under t h e  c o n d i t i o n  of 20 p e r c e n t  g a i n  v a r i a t i o n .  F i g u r e  3 shows 

t h e  system e r r o r s  f o r  a l l  f o u r  systems under the nominal and the  v a r i e d  c o n d i t i o n s .  

The t r a d e - o f f  e f f e c t  between the minimum s e n s i t i v i t y  and minimal s e n s i t i v i t y  d e s i g n s  

i s  e v i d e n t  from t h i s  f i g u r e .  

Under the nominal 

EXAMPLE 2 

I n  a p r a c t i c a l  sys t em,  t h e  change of a s i n g l e  p l a n t  pa rame te r  may c a u s e  a s i m u l -  

t aneous  change of  g a i n ,  p o l e s ,  and z e r o s  of t h e  p l a n t .  Consider  a s e p a r a t e l y  e x c i t e d  

dc motor  d r i v i n g  a l o a d .  

and t h e  motor s h a f t  p o s i t i o n  8 i s  

The t r a n s f e r  f u n c t i o n  between t h e  a p p l i e d  a r m a t u r e  v o l t a g e  V 

- e - -  
V 

KT 
J R  

s Is + +(I3 + ?)I 
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where 

2 
J = 443.0 s l u g - f t  , armature- load i n e r t i a  , 

B = 160 l b - f t / r a d - s e c ,  f r i c t i o n  c o e f f i c i e n t  , 

K = 28.2 lb - f t / amp ,  to rque  c o n s t a n t  , 

Ke= 4.0 v o l t / r a d / s e c ,  emf c o n s t a n t  , 
T 

and 

= 0.1 ohm, a rma tu re  r e s i s t a n c e  . Ra 
The motor i s  preceded  by a z e r o - o r d e r  h o l d .  Design a deadbea t  sampled-da ta  c o n t r o l  

s y s t e m  w i t h  minimal  s e n s i t i v i t y  i n  response  t o  s t e p  i n p u t s .  The sampl ing  p e r i o d  i s  one 

second and t h e  v a r y i n g  pa rame te r  i s  t h e  armature c i r c u i t  r e s i s t a n c e ,  Ra .  

a 20 p e r c e n t  i n c r e a s e  of  R c a u s e s  a n  1 8 . 2  p e r c e n t  d e c r e a s e  i n  g a i n ,  a 2.8 p e r c e n t  d e c r e a s e  

i n  z e r o  and a 10 .6  p e r c e n t  d e c r e a s e  i n  a pole .  

For example,  

a 

Under t h e  nominal c o n d i t i o n  t h e  fo l lowing  Equa t ions  are  o b t a i n e d :  

0.1092z-'( 1 + 0.26392-I) 

(1 - z )(1 - 0 . 0 1 0 4 ~ - ~ )  -1 G ( z )  = Y 

H(z) = 0.7912z-'(1 + 0.26392-I) Y 

and 

E(z) = 1 + 0.2088z-' 

The r e s u l t s  of t h e  t w o - c o n t r o l l e r  minimum s e n s i t i v i t y  d e s i g n ,  t h e  t w o - c o n t r o l l e r  

minimal  s e n s i t i v i t y  d e s i g n ,  and t h e  o n e - c o n t r o l l e r  d e s i g n  are  l i s t e d  i n  Table  11. F i g u r e  

4 shows t h e  sys t em e r r o r s  f o r  a l l  t h r e e  systems,  under  t h e  nominal  and t h e  v a r i e d  con- 

d i t i o n s .  

CONCLUSION 

By modi fy ing  a p r e v i o u s l y  proposed minimal s e n s i t i v i t y  d e s i g n  t e c h n i q u e ,  a f r equency  
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domain method h a s  been developed f o r  d e s i g n i n g  the minimum s e n s i t i v i t y  deadbea t  sampled- 

. d a t a  c o n t r o l  systems where p l a n t  v a r i a t i o n s  are encoun te red .  The systems are des igned  

t o  r educe  the magnitude o f  o u t p u t  v a r i a t i o n s  due t o  p l a n t  v a r i a t i o n s  by u s i n g  a two- 

c o n t r o l l e r  c o n f i g u r a t i o n .  Two examples a r e  g i v e n  t o  demons t r a t e  the e f f e c t i v e n e s s  

of t h e  method. 

I n  g e n e r a l ,  i f  the  p l a n t  v a r i a t i o n  is  no t  t o o  severe, the magnitude of t h e  o u t p u t  

v a r i a t i o n  f o r  t h e  minimum s e n s i t i v i t y  system i s  smaller t h a n  t h a t  f o r  t h e  minimal s e n s i t i v -  

i t y  system. But b o t h  t y p e s  of  systems a r e  less s e n s i t i v e  t o  t h e  p l a n t  v a r i a t i o n  t h a n  the 

s i n g l e - c o n t r o l l e r  system. The method seems a t t r ac t ive  due t o  i t s  s i m p l i c i t y  and e f f e c t i v e -  

n e s s .  
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TABLE I COMPARISON FOR EXAMPLE I 

The nominal plant: 

-1 G ( z )  = 0.36792 (1 + 0.71832-l) 
(1 - z-l)(l - 0.36893-l) 

Two-controller minimum sensitivity design: 

For k = 1, D (2) = 1.582(1 - 0.36792-l) 
(1 - 0.47382-l) 1 J 

1.582(1 - 0.36792-l) 
1 - 0.61122-' + 0.2896~-~ ' 

For k = 2, D (2) = 1 

Two-controller minimal sensitivity design: 

D1(z) = 1.582(1 - 0.36792-l) 

D (2) = 2.5323(1 - 0.3215~-~1 
(1 + 0.71832-l) 2 

2.7684(1 - 0.55912-1 + 0.1797~-~) D (2) = 
2 (1 + 0.71832-l) 

1.7183 
1 + 0.71832 

D (2) = -1 * 2 

One-controller design: 

1.582(1 - 0.36792-l) D(z) = 
1 + 0.418~-~ 

For a 20% variation of plant gain 

The varied plant: 

Gv(z) = 
0.4415~-~(1 + 0.71832-l) 
(1 - z-l)(l - 0.36792-l) * 

Two-controller minimum sensitivity system: 

For k = 1, H (2) = 0.6985z-l(1 + 0.71832-l) 
1 + 0.29502-1 - 0.0949~-~ V 

Ev(z) = 1 + 0.30152-1 + 0.006~-~ t 0.0268~-~ - 0.0073~-~ + 0.0047~-~ + --- 

For k = 2, H ( z )  = 

Ev(z) = 1 + 0.3015~-~ + 0.02512-1 - 0.0117~-~ - 0.0092~-~ - 0.00062-5 + --- 

0.6985~-~(1 + 0.71832-l) 
V 1 + 0.32252-1 - 0.1803~-~ + 0.0579~~~ 

Two-controller minimal sensitivity system: 

-1 0.6985~-~(1 + 0 - 7 1 & 3 ~  ) 
Hv(4 = - -1 1 + 0.22 
Ev(z) = 1 + 0.30152-1 - 0.0605~-~ t 0.0119~-~ - 0.0026~-~ + 0.0003~-~ + --- 

One-controller system: 

0.69853-'(1 + 0.71832-l) 
1 + 0.11652-1 + 0.084~-~ Hv(z) = 

Ev(z) = 1 + 0.30152-1 - 0.1188~-~ + 0.0114~-~ + 0.01122-4 - 0.0003~-~ 
+ o.00092-~ + 0.0001~-7 + --- 



TABLE 11. COMPARISON FOR EXAMPLE 2. 

The nominal condition 

Plant: G(z) = 0.1092~-~(1 + 0.26392-l) 
(1 - z -1 )(1 - 0.0104~-~) 

-1 Control ratio: H(z) = 0.79122 

Step response error: E ( z )  = 1 + 0.20882 
Two-controller minimum sensitivity design (k = 1) : 

(1 + 0.26392-l) 
-1 

7.2454 

(1 - 0.49442 ) 

1.9019(1 - 0.33892 -1 + 0.0034~-~1 
D2(4 = 

-1 ’ (1 + 0.26392-l) 
D (2) = 1 

Two-controller minimal sensitivity design: 

1.2770( 1 - 0.0104~-~) D ( z )  = 7.2454, D2(z) = 
1 (1 + 0.26392-l) 

One-controller design: 

7.2454 (1 - 0.01u4~-~) 
(1 + 0.2088~-~) 

D(z) = 

For a 20% increase of Ra 

-1 0.08932 (1 + 0.25672-l) 
(1 - z )(1 - 0.0093~-~) 

The varied plant: Gv(z) = -1 

T:.i o - c on t ro 1 le r min imum s ens it ivi t y s ys t em : 

-1 -2 -3 Ev(z) = 1 + 0.35302 + 0.01022 - 0.03022 - 0.0097~-~ 
-5 -6 -8 + 0.02 + 0 . 0 0 1 0 ~  + 0.0006~-~ + 0.00012 + --- 

Two-controller minimal sensitivity system: 

-1 -2 -4 -5 Ev(z) = 1 + 0.35302 + 0.06852 + 0.0130~-~ + 0.00252 + 0.00052 + --- 
One-controller system: 

-1 -2 -5 E v ( z )  = 1 + 0.35302 + 0.09432 + 0.0290~-~ + 0.0084~-~ + 0.00252 + --- 
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Fig. 1. Two-controller sampled-data control system. 
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Fig.  2. One-controller sampled-data control system. 
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Fig. 3. System errors for Example I. 
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Fig. 4, System errors for Example 2. 
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